Categories of representations of finite partially ordered sets over commutative artinian uniserial rings arise naturally from categories of lattices over orders and abelian groups. By a series of functorial reductions and a combinatorial analysis, the representation type of a category of representations of a finite partially ordered set S over a commutative artinian uniserial ring R is characterized in terms of S and the index of nilpotency of the Jacobson radical of R. These reductions induce isomorphisms of Auslander-Reiten quivers and preserve and reflect Auslander-Reiten sequences. Included, as an application, is the completion of a partial characterization of representation type of a category of representations arising from pairs of finite rank completely decomposable abelian groups.
Introduction
Let (S, ) denote a finite partially ordered set (poset) with unique maximal element ∞ and R a commutative ring. We define rep fg (S, R) to be the category with objects U = (U s : s ∈ S), where each U s is a finitely generated R-module and U s ⊆ U t if s t in S. A morphism from U to V is an R-module homomorphism f : U ∞ → V ∞ with f (U s ) ⊆ V s for each s ∈ S.
The representation type of rep fg (S, k) for a field k has been completely determined in terms of S and is independent of k, a well-known result summarized in Theorem 2.1, see [14, 22] . Characterizations of finite representation type of rep fg (S, R) are known in special cases, e.g. [16; 23, Corollary 5.19; 24; 25] . Complete characterizations of infinite representation type of rep fg (S, R) for a general commutative ring R are hampered by the fact that the classical definition of wild representation type is relevant only if R contains a field, and, unless R contains a field, see [13, 14] , and there is no known tame/wild dichotomy theorem.
A commutative artinian ring R is uniserial if the ideals of R form a chain under inclusion. It follows that R is a local ring, the Jacobson radical J (R) of R is its unique maximal ideal, and J (R) = pR, for some p ∈ R. Consequently, any ideal of R is principal and has the form p s R, for some s 0, see [4, Proposition 8.8] . We denote by k R = R/J (R) the residue field of R. The index of nilpotency of J (R) is the least positive integer m with J (R) m = 0. In this paper, we restrict attention to the category rep fg (S, R) for the case that R is a commutative artinian uniserial ring and S is a finite poset with unique maximal element. Given a finite poset T, we write T * = T ∪ { * } for the poset obtained from T by adjoining a unique maximal element * . In particular, if T has a unique maximal element ∞ and ∞ = s ∈ T , then s < ∞ < * in T * .
The Traditional definitions of tame and wild representation type for the category rep fg (S * m , k R ) are then used to give a definition of wild representation type (called radical-wild representation type) and a definition of tame representation type for the category rep fg (S, R). Consequently, there is a tame/(radical-wild) dichotomy theorem for infinite representation type of rep fg (S, R) (Corollary 3.4).
Following is an outline of the functorial reductions. Although these reductions are not representation equivalences, they do induce bijections of isomorphism classes of indecomposable objects.
(i) rep fg (S, R) is "almost" representation equivalent to the category fspr(S * , R), the full subcategory of rep fg (S * , R) consisting of representations U = (U s : s ∈ S * ) such that U * is a free R-module (Theorem 2.2).
(ii) There is a dense, left exact, additive functor
that induces an isomorphism
for each pair of objects U, V of fspr(S * , R) (Theorem 2.4). This functor preserves indecomposables, reflects isomorphisms, induces an isomorphism of Auslander-Reiten translation quivers, and preserves and reflects Auslander-Reiten sequences (Corollary 2.5).
(iii) There is a dense subcategory C of fspr(S * , k R [t]/(t m )) and a k R -linear functor H : C − → fspr(S * m , k R ) that reflects isomorphisms, preserves indecomposables, induces an isomorphism of Auslander-Reiten translation quivers, and preserves and reflects Auslander-Reiten sequences (Corollary 3.3).
Explicit examples illustrating each of these functors are given in Section 5. Finally, the representation type of fspr(S * m , k R ), hence of rep fg (S, R), can be characterized in terms of the poset S and the index of nilpotency m of J (R) by a combinatorial analysis given in [23, Corollary 5.19; 25] for an algebraically closed field k R . It can be seen that the same characterization holds for an arbitrary field k R .
As an application, in Section 4, we complete partial characterizations of representation type for the category rep(n 1 2 , e) defined in [8] . This category arose in an investigation of an analogue of the stacked basis theorem for pairs of completely decomposable abelian groups (finite direct sums of torsion-free abelian groups of rank 1).
The reduction fspr(S * , R) −→ fspr(S * , k R [t]/(t m )) was motivated, in part, by a suggestion in [23, 5.21; 24, Section 4] that such a result might be true, the fact that characterizations of representation types and constructions of Auslander-Reiten quivers for rep fg (S, R) were the same as those for rep fg (S, k R [t]/(t m )) in case S is a 2-element chain (see [18] [19] [20] [21] ), and the fact that characterizations of finite representation type for fspr(S * , R) are the same as those for fspr(S * , k[t]/(t m )) even if the field k is not algebraically closed (see [16, 23, 24] ).
Motivation for this paper is provided by the extensive literature devoted to a search for invariants and classification of classes of Butler groups, see [1] . Via category equivalences between Butler groups and representation of finite posets over discrete valuation rings given in [17] (following [7] ), the ideas and results of this paper are used in [2] to compute representation types of various isomorphism-at-p categories of Butler groups and categories of torsion-free modules of finite rank over a discrete valuation ring.
Reduction to representations over a k R -algebra
The assumption that a field k be algebraically closed seems to be necessary for a tame/wild dichotomy theorem for the category of finitely generated modules over an arbitrary finitedimensional k-algebra. However, it is not necessary for fspr(S * , k), S a finite poset, as observed in (c) of the following theorem. The proof of (b) and (c) given in [22, Theorem 15.3] has the tacit assumption that k is algebraically closed. A careful examination of the proof of (b) shows that this assumption is not necessary.
Definitions of k-tame and k-wild representation type for fspr(S, k) are as given in [22] for I-spaces. Several equivalent conditions for each of these representation types are given in [3] , see also [2] . Assume that F : C → D is an additive functor between additive categories C and D. We recall that: (i) F is full if the group homomorphism F * :
whenever U is indecomposable in C; and (vi) F is a representation equivalence if F is full, dense, and reflects isomorphisms, see [5, 9, 22] .
It can be readily confirmed that a representation equivalence also preserves indecomposables. The set of isomorphism classes of indecomposable objects of C is denoted by ind(C). If the additive functor F reflects isomorphisms and preserves indecomposables, then F induces an injection ind(C) −→ ind(D), which is a bijection if F is also a dense functor. [23] Let R be a commutative artinian uniserial ring and mod R the category of finitely generated R-modules. Write J (R) = pR for some p. There is an additive, left exact, dense functor
Theorem 2.2 (Simson
induced by the filtration 0
Specifically, let
where
is induced by f, for each 0 i m − 1. It is not difficult to verify that G is an additive, left exact dense functor and that, for each pair M, N in mod R, the group homomorphism
induced by G is an isomorphism. Let S be a finite poset. We define a functor
induced by the functor G.
and multiplication by t on
It is easy to see that G is an additive functor.
The following theorem lists the main properties of the functor G.
Theorem 2.4. Assume that S is a finite partially ordered set, R is an artinian commutative uniserial ring with index of nilpotency m, J (R) = pR, and k
(a) For each pair of objects U , V of fspr(S, R), the homomorphism
dense, reflects isomorphisms, and preserves indecomposables.
Proof. (a) Let U and V be objects in fspr(S * , R) and write
A routine verification shows that the group homomorphism G U,V is injective. To see that
for each s ∈ S * and 0 i m
This shows that G U,V is surjective and therefore an isomorphism.
is exact and consists of free k R [t]/(t m )-modules.
Since G is a left exact functor, it easily follows that the induced sequence 0
). This shows that the functor G is left exact.
To see that the functor G is dense, let V = (V s : s ∈ S * ) be an object of fspr(S * , k R [t]/ (t m )). Since the module V * is free, there is a free R-module U * in mod R and, for each s ∈ S, an R-module U s in mod R and an inclusion h s : U s → U * such that G(U * ) = V * , and G (h s ) : G(U s ) → V s is an isomorphism, for each s ∈ S. This means that U = (U s : s ∈ S * ) is an object of fspr(S * , R) with G(U ) = V and, consequently, the functor G is dense.
One now easily shows, as a consequence of (a), that
reflects isomorphisms, an application of Nakayama's Lemma since pEnd(U ) ⊆ J (End(U )), and preserves indecomposables, because pEnd(U ) is a nilpotent ideal of End(U ) and idempotents lift modulo nilpotent ideals.
In view of [6, 15] and Theorem 2.2, it is not difficult to see that the basic facts of the Auslander-Reiten theory presented in [24] for the category I-sp remains valid for fspr(S * , R), in case R is an arbitrary commutative artinian ring. Throughout, we freely use the Auslander-Reiten theory terminology and notation introduced in [5, 24] . We recall that, given an artinian ring B, the Jacobson radical of the category mod B of finite length right B-modules, is the two-sided ideal rad B = rad(mod B) of the category mod B generated by all non-isomorphisms between indecomposable B-modules. We denote by (mod B) and (fspr(S * , R)), the Auslander-Reiten translation quiver of the category mod B and fspr(S * , R), respectively (see [5, Section VII.4; 22, p. 199] ). By applying Theorem 2.4, we get the following properties of the functor G.
Corollary 2.5. Assume that R is an artinian commutative uniserial ring with k R = R/J (R) and index of nilpotency m. Let S be a finite poset and let
(a) For each pair of indecomposable objects U, V in fspr(S * , R), the induced group homomorphism
Auslander-Reiten translation quivers. 
Reduction to poset representations over a field
Given a field k, a finite poset S, and a positive integer m, we define a pair of correspondences
where 
, because projective covers preserve direct sums and are unique up to isomorphism.
Next, we define a functor L :
where U * and t m−1−i U s are regarded as k-vector spaces for each s ∈ S * and 0 i m − 1.
The following notation is used for the rest of this section. Let W be an object of fspr(S * m , k). Define
for each s ∈ S * and 1 i m − 1, and
is a projective cover of 
are the correspondences defined in (3.1). 
(a) If U is an object of fspr(S * , k[t]/(t m )) and W is an object of fspr(S * m , k), then there is an isomorphism : Hom(U, F (W )) −→ Hom(L(U ), W ) that is functorial with respect to maps U → U 1 . (b) For each indecomposable object W of fspr(S * m , k), LF (W )W ⊕ W , where W is defined as above. (c) For each indecomposable object U of fspr(S * , k[t]/(t m )), F L(U )U ⊕ U , where U is defined as above.

Proof. (a) Define a group homomorphism : Hom(U, F (W )) − → Hom(L(U ), W ) as follows. Let g ∈ Hom(U, F (W )) be given by a k[t]/(t m )-homomorphism g : U
(g) ∈ Hom(L(U ), W ), observe that g : L(U ) (s,i) = t m−1−i U s −→ t m−1−i W ↓ s = 0 ⊕ · · · ⊕ 0 ⊕ W (s,0) ⊕ · · · ⊕ W (s,i) ,
for each s ∈ S * and 0 i m−1 because g is a k[t]/(t m )-homomorphism and multiplication by t on W
is a shift of one coordinate to the right. Therefore,
for each s ∈ S * and 0 i m − 1, and so (g) ∈ Hom(L(U ), W ). Clearly, is a group homomorphism that is functorial with respect to maps U → U 1 . Next, we define a group homomorphism
: Hom(L(U ), W ) −→ Hom(U, F (W )).
Let f ∈ Hom(L(U ), W ) be given by a k-vector space homomorphism
with f (L(U ) (s,i) ) = f (t m−1−i U s ) ⊆ W (s,i)
, for each s ∈ S * and 0 i m − 1. Then 
It now follows that (g) = g and so is the identity. (b) With the above notation, the group homomorphism
: Hom(F (W ), F (W )) −→ Hom(LF (W ), W )
is an isomorphism with inverse . A short calculation shows that (1 F (W ) 
k) is a split epimorphism with kernel isomorphic to W . (c) As above, : Hom(L(U ), L(U )) −→ Hom(U, F L(U )) is a group isomorphism with inverse . A short calculation shows that the morphism
(1 L(U ) ) = −1 t m−1 1 L(U ) ⊕ · · · ⊕ 1 L(U ) : U −→ F L(U ) in fspr(S * , k[t]/(t m )) is split by the morphism m−1 : F L(U ) −→ U in fspr(S * , k[t]/(t m )), where : P L(U ) ↓ * − → L(U ) ↓ * is a projective cover of k[t]/(t m )- modules. The kernel of m−1 is (U m−1 * , (t m−1 U s + ker ) ⊕ · · · ⊕ (tU s + ker ) : s ∈ S) −1 t m U ⊕ · · · ⊕ −1 tU = U , so that F L(U )U ⊕ U . Given an object V = (V : ∈ S * m ) of fspr(S * m , k), we define V = { V : ∈ S * m )H W,V : Hom(F (W ), F (V ))/tHom(F (W ), F (V )) −→ Hom(W, V )/Hom(W, V ) for each F (W ), F (V ) in fspr F (S * ,
k[t]/(t m )) and a bijection
H : ind(fspr(S * , k[t]/(t m ))) −→ ind(spr(S * m , k)).
(b) The category fspr F (S * , k[t]/(t m )) is a dense subcategory of fspr(S * , k[t]/(t m )). (c) The functor H preserves and reflects Auslander-Reiten sequences and induces an isomorphism of Auslander-Reiten translation quivers
(fspr(S * , k[t]/(t m ))) −→ (fspr(S * m , k)).
Proof. (a) Given F (W )= P W
↓ * , −1 W ↓ s : s ∈ S * in fspr F (S * , k[t]/(t m )), define
H (F (W )) = W . Let f : F (W ) → F (V ) be a morphism of objects of fspr F (S * , k[t]/(t m )) given by a k[t]/(t m )-homomorphism f : P W
is the group isomorphism given in Theorem 3.2(a).
In view of Theorem 3.2(b), we can write Hom(LF (W ), V ) = Hom(W ⊕ W , V ). It is easily seen that H is a well defined, right exact, dense k-linear functor. As a consequence of the definition of ,
(tHom(F (W ), F (V ))) = Hom(LF (W ), V )
so that induces an isomorphism
Hom(F (W ), F (V ))/tHom(F (W ), F (V )) −→ Hom(LF (W ), V )/Hom(LF (W ), V ).
Because of the definition of W , Hom(W , V ) ⊆ Hom(LF (W ), V ). Therefore, Hom(LF (W ), V )/Hom(LF (W ), V ) = Hom(W ⊕ W , V )/Hom(LF (W ), V ) = Hom(W, V )/Hom(W, V )
and so the homomorphism
H W,V : Hom(F (W ), F (V ))/tHom(F (W ), F (V )) − → Hom(W, V )/Hom(W, V )
is an isomorphism.
Consequently, H preserves indecomposables and respects isomorphism classes. By (b), H : ind(fspr(S * , k[t]/(t m ))) −→ ind(fspr(S * m , k)), defined by H ([F (W )] = [W ], is a bijection defined on all of ind(fspr(S * , k[t]/(t m ))).
(b) Let U be an indecomposable object of fspr( 
, the remainder of the argument is just as in the proof of Corollary 2.5.
Let S be a finite partially ordered set with unique maximal element, R an artinian commutative uniserial ring with index of nilpotency m, and k R =R/J (R). The category rep fg (S, R) is defined to have tame representation type if fspr(S * m , k R ) has tame representation type, and rep fg (S, R) is defined to have radical-wild representation type if fspr(S * m , k R ) has k R -wild representation type. This terminology is motivated by the isomorphism
End(U )/pEnd(U )End( G(U ))/tEnd( G(U ))
with p ∈ J (End(U )) and t ∈ End( G(U )), see Corollary 3.3.
As a consequence of Theorem 2.1, we have:
Corollary 3.4. Assume that R is an artinian commutative uniserial ring with index of nilpotency m, and k R = R/J (R). If S is a finite poset with unique maximal element, then rep fg (S, R) has exactly one of finite, infinite tame, or radical-wild representation type.
The functors of Theorem 2.2 are explicit enough so that, given an indecomposable W in fspr(S * m , k), the indecomposable U in rep fg (S, R) corresponding to W can be constructed, as illustrated in Example 5.5 of Section 5.
Application
Let e 1, n 1 be a pair of integers, R a discrete valuation ring and S the disjoint union of an n-element chain C n = {1 < 2 < · · · < n} and an element n + 1 incomparable to each element of C n . Following [8] , we define rep(n 1 2 , e) to be the full subcategory of fspr(S * , R)
• U * is a finitely generated free R-module, • U * /U i is a free module, for 1 i n, and • U n+1 is a free submodule of U * with p e U * ⊆ U n+1 .
Theorem 4.1. Let e 1, n 1 be a pair of integers and R be a discrete valuation ring. There is a representation equivalence
Proof. Define an additive functor E : rep(n 1 2 , e) − → rep fg (C * n , R/(p e )) by setting
given by a homomorphism f : U * → W * of R-modules we define E(f ) : E(U ) → E(W ) to be a morphism given by the residue class induced R-homomorphism f : U * /U n+1 − → W * /W n+1 . It is easy to see that E is an additive functor.
To see that the functor E is full, suppose that f ∈ Hom(E(U ), E(W )). Since each U i is a free summand of the free R-module U * and there is an isomorphism
, there is ∈ Hom(U, V ) with E( ) = f , as desired. If f is an isomorphism then so is , whence E reflects isomorphisms.
As for density of E,
There are finitely generated free R-modules W n+1 and U * , and a commutative diagram
with exact rows and columns. We set U n+1 =Ker * and U n =Ker , submodules of U * . Since V * is an R/(p e )-module, then p e (U * /U n+1 ) = 0. Note that the inclusion U n ⊆ U * splits, because W n+1 is a free module. Then * : U n → V n is surjective and V n = (U n + U n+1 )/U n+1 . By induction on n, for each 1 i n − 1, there is a summand , e) given in [8] , provided that radical-wild representation type is substituted for both wild modulo p and p-endowild in that list.
(b) The fact that rep(n 1 2 , 6) has p-endowild representation type is used in [8] to show that the stacked basis theorem holds in the category CD 1 (T , p) of p-locally free finite rank completely decomposable groups C ⊆ D with critical typesets in T and D/C bounded by a power of p if and only if the critical typeset of D is an antichain. The existence of a stacked basis theorem implies that the indecomposable objects in CD 1 (T , p) have rank 1. It seems likely, but unconfirmed, that the classification of Corollary 5.2 can be used to give a classification of the representation type of more general categories of chains of completely decomposable groups.
Examples
The first example illustrates that the functor G of Theorem 2.4 is more natural than it might appear at first. For the poset S =(1 < ∞) defined in the example, rep fg (S, k R [t]/(t 7 )) has wild representation type, see [21] . 
is an object of fspr(S * , R) and
is an isomorphism. On the other hand, if is an isomorphism. The remainder of the proof is a routine argument.
The following example illustrates the functor F defined in Section 3.
, and
We adopt the notation kk for the two-dimensional vector space k ⊕ k, kkk, for R regarded as a vector space over k with tR = 0kk and t 2 R = 00k, and represent, for example, tR ⊕ t 2 R =0kk ⊕00k by 00k0kk, where tR is represented in positions 1, 3, 5 and t 2 R in positions 2, 4, 6.
If W is the indecomposable object of fspr(S * 3 , k) given by
The next example illustrates the functor L defined in Section 3.
where, for instance, R ⊕ R regarded as a k-vector space is denoted by kkkkkk, with t (R ⊕ R) = tR ⊕ tR = 0kk0kk, etc. Now we present an illustration of Theorem 3.2. (a) The object LF (W ) of fspr(S * , k) is isomorphic to W ⊕ W , where W is given by
is an object of fspr(S * , R).
obtained by identifying the 3rd and 5th coordinates of L(U ) with W and the 1st, 2nd, 4th, and 6th coordinates of L(U ) with
as R-modules. Moreover, = (t 2 , t 2 , t, t, 1, 1) : R 6 − → L(U ) ↓ * is a projective cover of R-modules and
The final example illustrates Corollary 3.4. in fspr(T * , k R ) of rank 3n, where U * = k 3n R = k n R ⊕ k n R ⊕ k n R ,
By the proof of Theorem 1.3.6 in [1, pp. 23-24] , the representation U n,A in fspr(T * , k R ) is indecomposable, for each n 1 and A indecomposable. It easily follows that the following object:
V n,A :
in fspr(S * 4 , k R ), induced by U n,A , is also indecomposable. By Corollary 3.3, the object in fspr(S * , R), where A is an n × n square R-matrix such that A equals A modulo J (R) and W * = R n ⊕ R n ⊕ R n ,
